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Abstract
In this paper, an efficient hybrid shock capturing scheme is proposed to obtain accurate results both in the smooth region and 
around discontinuities for compressible flows. The hybrid algorithm is based on a fifth-order weighted essentially non-oscillatory 
(WENO) scheme in the finite volume form to solve the smooth part of the flow field, which is coupled with a characteris-
tic-based monotone upstream-centered scheme for conservation laws (MUSCL) to capture discontinuities. The hybrid scheme is 
intended to combine high resolution of MUSCL scheme and low dissipation of WENO scheme. The two ingredients in this hy-
brid scheme are switched with an indicator. Three typical indicators are chosen and compared. MUSCL and WENO are both 
shock capturing schemes making the choice of the indicator parameter less crucial. Several test cases are carried out to investi-
gate hybrid scheme with different indicators in terms of accuracy and efficiency. Numerical results demonstrate that the hybrid
scheme in the present work performs well in a broad range of problems. 
Keywords: computational aerodynamics; hybrid scheme; characteristic variables; weighted essentially non-oscillatory scheme; 
high resolution low dissipation 
1. Introduction1
One of the most important characteristics of the hy-
perbolic conservation law system is that it may de-
velop discontinuities even if the initial conditions are 
smooth. Interpolations across discontinuities tend to 
generate spurious oscillations whose amplitude does 
not decrease as the grid is refined. And there has been 
an abundance of work to overcome this difficulty. 
In a series of classic papers, van Leer [1] made a 
complete extension of Godunov’s method to higher- 
order accuracy, resulting in the well-known monotone 
upstream-centered scheme for conservation laws 
(MUSCL) scheme which is still popular today. 
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Founded on the work of van Leer , Harten  estab-[1] [2]
lished the mathematical theory of high resolution 
schemes with the concept of total variation diminish-
ing (TVD). However, it is well known that TVD 
schemes would necessarily degenerate to first-order 
accuracy around local extremum points. To eliminate 
this deficiency, Harten, et al. [3] proposed essentially 
non-oscillatory (ENO) schemes, which use a set of r
candidate stencils for an rth-order scheme. An indica-
tor of smoothness of the solution is used to determine 
which stencil to choose. Subsequently, based on the 
idea of ENO, Liu, et al. [4] introduced weighted essen-
tially non-oscillatory (WENO) schemes in the finite 
volume form. In such schemes, spatial derivatives are 
calculated using a convex combination of the numeri-
cal fluxes associated with each candidate stencil. In 
order to increase accuracy and efficiency of WENO, 
Jiang, et al. [5] developed a finite difference WENO 
scheme with a new indicator of smoothness. Then, 
Henrick, et al.  pointed out that the analysis done in [6]
Ref. [5] did not identify all the properties of the 
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weights which are necessary for a WENO scheme to 
converge at the expected order, and they designed a 
mapped WENO scheme to cure this problem. 
All the above high resolution schemes can be con-
sidered as some hybridization of several linear meth-
ods based on the nature of the local solution [7]. And 
schemes combining nonlinear methods have also 
arisen. An early example in this area is Huynh’s uni-
formly second-order Godunov’s method [8], which 
combines MUSCL and UNO (Uniformly Non-Oscil-
latory). With similar principles, Suresh and Huynh 
proposed a new monotonicity preserving (MP) 
method [9], from which many new schemes have been 
derived. For example, using WENO, Balsara, et al. [10]
obtained a monotonicity preserving WENO scheme 
(MPWENO). Also, Daru, et al. [11] constructed a 
one-step MP scheme within the TVD framework. 
Rider, et al. [7] established a new hybridization frame-
work which assures that approximations used to ad-
vance the conservation laws are bounded by nonline-
arly stable methods. For the simulation of compressi-
ble turbulence, Wang, et al. [12] developed a hybrid 
numerical scheme, which utilizes a seventh-order 
WENO scheme for highly compressive regions and an 
eighth-order compact central finite difference scheme 
with built-in hyperviscosity for smooth regions. Re-
cently, Li, et al. [13] carried out a hybridization of 
WENO and high-order upwind linear schemes with 
different discontinuity indicators. 
The idea of hybridization has been the core of mod-
ern numerical schemes and has been employed in 
many aspects [7]. In this paper, we explore the potential 
of hybridizing the characteristic-based MUSCL scheme 
and the fifth-order WENO scheme, switched by an 
indicator for discontinuities. Several test cases are car-
ried out to show the effectiveness of this hybrid algo-
rithm. 
2. Computational Method 
2.1. General form of finite volume method 
The three-dimensional hyperbolic conservation law 
system is given by 
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where Q is conservation variable, F(Q), G(Q) and 
H(Q) are fluxes in the x, y and z directions respec-
tively, and t is time. We define the elements as 
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Eq. (1) is integrated over Iijk to obtain 
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where , ,i j kQ  is cell average, 1/2, ,iˆ+ j kF  represents the 
approximate Riemann solver at the interface i+1/2.
Other terms can be expressed analogously. 
The reconstruction of the interface variables 
L
1/2, ,i+ j kQ  and 
R
1/2, ,i+ j kQ  from cell averages is the key 
for a finite volume method to obtain high-order accu-
racy, and will be described later. In the following, we 
will only consider the subscripts in the i direction for 
simplicity. For example, L+1/2, ,i j kQ  can be written as 
L
+1/2iQ .
2.2. Characteristic-based MUSCL scheme 
An important aspect of MUSCL scheme is limiters. 
Considering interface i+1/2, MUSCL interpolation can 
be written as  
L
1/2
1
2i+ i i
  'Q Q Q                (7) 
R
1/2 1 1
1
2i+ i+ i+
  'Q Q Q              (8) 
where L1/2i+Q  and 
R
1/2i+Q  are left and right variables at 
interface i+1/2, and 'Qi is the variable slope in cell Ii.
Next we explain how to compute 'Qi.
Most high resolution schemes are derived on scalar 
conservation laws first, and then extended to systems 
of equations, which will bring about the issue of selec-
tion of working variables. There are a number of op-
tions available, including conservative, primitive and 
characteristic variables. According to Ref. [14], the 
choice of working variables can have a great impact on 
computation results. Characteristic decomposition is 
chosen here to suppress spurious oscillations. First, 
conservative variables are projected to characteristic 
space by  
( 1, , 1)j i j j i i i   W LQ        (9) 
Then, the slope of characteristic variables in cell Ii is
determined to be 
1/ 2 1/ 2( , )i i i+M '  ' 'W W W         (10) 
where M  represents limiter, and 'Wi+1/2=Wi+1Wi,
'Wi1/2='Wi'Wi1.
Finally, we have 
i i i'  'Q R W              (11) 
where Li and Ri are the left and right eigenvector ma-
trices of the jacobian matrix Ai of F(Q).
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There are various ways for computing Ai, such as 
arithmetic average or Roe average. In this paper, we 
adopt a local linearization method [15], which ensures 
that Li and Ri can be strictly conjugate inverse matrices 
and numerical errors from the transformation proce-
dures can be effectively reduced. The choice of limiter 
M in Eq. (10) is another crucial factor. With the char-
acteristic-based MUSCL scheme, the most compres-
sive superbee limiter is applied to the linearly degen-
erate fields to obtain high resolution for contact dis-
continuities, while the double minmod limiter is ap-
plied to the nonlinear fields to enhance stability. This 
MUSCL scheme is able to avoid the over compression 
of superbee limiter to contact discontinuities, as well 
as to maintain good robustness with relatively low 
computation cost. 
2.3. Variable-based WENO scheme 
In this work, the WENO methodology is used to in-
crease the spatial order of variable interpolation to cell 
interface in a form analogous to MUSCL scheme. This 
method is able to achieve high-order accuracy with 
only a small amount of additional cost. Many well- 
known computational fluid dynamics (CFD) codes, 
like CFL3D [16] and overflow [17], also adopt similar 
algorithms to increase spatial discretization accuracy. 
Assume L 1/ 2iq   is a scalar component of 
L
1/2i+Q , the 
fifth-order WENO interpolation is given by 
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where (0)+1/2 ,iq
(1)
+1/2iq and
(2)
+1/2iq represent three third- 
order stencils, which are combined with nonlinear 
weights Zk  (k = 0,1,2) to form a fifth-order interpola-
tion, iq  is the scalar component of iQ . The expres-
sions of nonlinear weights Zk  are given by 
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where Ck is optimal weights, yielding a truly fifth-or-
der algorithm in the smooth region and ISk is the 
smoothness measure for the kth third-order stencil. 
Here H is a small number to avoid dividing by zero. 
Ref. [5] claimed that H of 105-107 has little effect on 
the final results. However, it is now recognized that 
accuracy and convergence may depend directly on the 
value of H [18]. And at critical points, the above 
fifth-order WENO scheme is actually third-order ac-
curate. Therefore, in this paper Henrick’s mapped 
WENO algorithm [6] is chosen, which modifies the 
nonlinear weights of Eq. (14) with a mapping function
gk given by 
2 2
2
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(1 2 )
k k k k k k
k k
k k k
C C Cg k
C C
Z Z ZZ Z
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     (18) 
The mapped weights are renormalized with Eq. (14). 
The nonlinear weights in Eq. (12) are then replaced 
with the mapped weights. The mapping in Eq. (18) 
ensures that the mapped weights can approach the op-
timal weights for a wide range, achieving fifth-order 
accuracy for a larger region of the flow than the tradi-
tional WENO interpolation.  
In order to reduce CPU cost, we employ WENO 
with primitive variables within the hybrid scheme, as 
WENO is mainly employed in smooth region. 
2.4. Construction of hybrid scheme 
Characteristic-based MUSCL scheme is able to cap-
ture contact discontinuities with better resolution than 
WENO scheme, but its excessive diffusion to smooth 
flow is often unacceptable for problems involving 
regions of complicated but smooth flow structures, 
such as vortical flow fields. On the other hand, as a 
high-order scheme, WENO has much lower numerical 
diffusion, but when it comes to discontinuities, WENO 
tends to show more smearing. A simple yet effective 
approach which can take on the merits of both 
methods is combining them into one scheme. 
Therefore, we propose a hybrid scheme which applies 
fifth-order mapped WENO scheme in the smooth re-
gion, and the characteristic-based MUSCL scheme 
around discontinuities.  
In the framework of the same finite volume formu-
lation, it is a simple task to interface WENO with 
MUSCL. The idea is to first identify cells containing 
discontinuity by a discontinuity indicator, then to carry 
out the reconstruction in the cell with MUSCL, other-
wise with WENO. In Ref. [13], a systematic compari-
son of several discontinuity indicators is carried out. In 
our hybrid scheme, we choose three typical indicators, 
i.e. gradient indicator [19], Harten’s multi-resolution 
indicator [13] and Krivodonova’s discontinuity indica-
tor [13]. We give a brief description of the three indica-
tors as follows: 
(1) Gradient indicator (GRAD) 
Considering cell Ij , we define  
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1 1 ref| | /j+ jq q qF              (19) 
where qref represents the freestream value of q .
A threshold value ȕ0 is specified first. When FtE,
the cell is identified as containing discontinuity. In all 
the following test cases, the value of E is taken to be 
0.4.
(2) Harten’s multi-resolution indicator (MR) 
Approximation error in cell Ij is defined as 
j j jd q q                 (20) 
where 1 1
1 ( )
2j j j
q q q   . Then, if |dj| t HMR'x, cell Ij
is identified as containing discontinuity. HMR is a user 
specified parameter, which is chosen to be 0.5 as in 
Ref. [19] for all the following test cases. 
(3) Krivodonova’s discontinuity indicator (KXRCF) 
In this method, the boundary of cell Ij is partitioned 
into two portions: jI
w  and +jIw , where the flow is into 
and out of Ij, respectively. According to Ref. [13], a 
quadratic polynomial can be constructed on cell Ij as
2
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where jnI  represents neighbor cells of Ij, and ||Pj(x)||
can be chosen to be jq  here. 
For all the three indicators, q is chosen to be density 
to capture both shock and contact discontinuities, and 
for the upwinding step, the interface flux computation 
can be carried out without any change. In two- and 
three-dimensional problems, the above indicators work 
in each direction respectively.  
3. Numerical Results 
The hybrid scheme is applied to a number of 
benchmark test cases, as well as to hypersonic flows 
over a double-cone model. The approximate Riemann 
solver used here is Roe’s FDS (Flux Difference Split-
ting) scheme with entropy fixes. Third-order TVD 
Runge-Kutta method is used in all the cases except for 
the double-cone hypersonic model, which employs 
LUSGS (Lower-Upper Symmetric Gauss-Seidel) algo-
rithm to compute steady flows. All the simulations in 
this paper are carried out in a platform of Intel Q9300, 
with a RAM of 3.21 GB. 
3.1. Interaction of blast wave
This problem considers the interaction of two blast 
waves. The evolution of the flow is extremely com-
plex, including transonic expansion zone. The compu-
tational domain is x[0,1] with 400 zones mesh and 
the initial conditions are 
1,0,1 000 0 0.1
( , , ) 1,0,0.01 0.1 0.9
1,0,100 0.9 1.0
x
u p x
x
U
d ­° d ®° d d¯
     (23) 
where U is non-dimensional density, u the non-dimen- 
sional velocity of x-direction, p the non-dimensional 
pressure. The problem ends till the time equals to 
0.038. Fig. 1 shows the density profiles. The exact 
solution is obtained using a fifth-order WENO scheme 
on a grid of 2 000 cells. MUSCL_CHA represents 
characteristic-based MUSCL scheme, WENO5MC 
means fifth-order mapped WENO scheme working 
with characteristic variables, and Hybrid_X(E ) is the 
hybrid scheme using a dicontinuity indicator of X (in-
cluding GRAD, MR, and KXRCF) with the corre-
sponding parameter equal to E. It can be seen that all 
the hybrid schemes show better resolution for the con-
tact discontinuities than WENO.  
Fig. 2 gives the distribution of the indicator, where  
Fig. 1  Density profiles for blast wave problem (t=0.038). 
Fig. 2  Indicator distribution for blast wave problem (Hy-
brid_MR(0.5)).
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Indicator = 1.0 means being computed by MUSCL 
scheme, 0 by WENO scheme. It can be seen that the 
hybrid algorithm can effectively capture discontinui-
ties in the flow field (To save space, we only give the 
results with Hybrid_MR(0.5), results of other indica-
tors are similar.). Table 1 shows the percentages of 
cells computed with MUSCL at the last time step of 
the simulation and the CPU cost of each scheme. Note 
that all the hybrid schemes require less CPU time than 
the pure characteristic WENO scheme, because primi-
tive WENO is incorporated into hybrid methods.
Table 1  Comparison on percentages of cells by MUSCL 
and CPU cost for interaction problem of blast 
wave 
Method Percentage/% Time step/s 
MUSCL_CHA 100 0.149 8 
WENO5MC 0 0.263 3 
Hybrid_GRAD(0.4) 11.8 0.164 4 
Hybrid_MR(0.5) 16 0.165 8 
Hybrid_KXRCF 13.3 0.166 1 
3.2.  Shock-entropy wave interaction problem
This problem describes a moving Mach number 3 
shock interacting with a sinusoidal density fluctuation. 
The initial conditions are given by  
3.857 143, 2.629 369,10.333 333
( , , )
1 0.2sin(5 ),0,
4
41
u p
x
xx
U  t 
­ ®¯
(24)
The computation domain is x[5,5], and the simu-
lation is run on a 300 zone mesh and stops at a time of 
1.8. Fig. 3 gives the density profiles. The solid line is 
computed on a mesh of 4 000 zones mesh as reference 
solution. Although MUSCL scheme captures disconti- 
nuities fairly well in the last case, it seriously damps 
the post-shock waves in this case. On the contrary, 
high-order scheme is able to preserve these flow struc-
tures. The hybrid schemes with KXRCF and GRAD(0.4) 
can obtain comparable results with high- order WENO  
Fig. 3  Density profiles for shock-entropy interaction prob-
lem (t=1.8).
scheme, while the one with MR(0.5) is more diffusive.  
Fig. 4 gives the distribution of the indicator with 
Hybrid_MR(0.5) at the final time step in this case. 
Table 2 shows the comparison of cell percentages by 
MUSCL at the last time step of the simulation and the 
CPU cost. From Table 2, it can be seen that with 
KXRCF the cells by MUSCL is only 3%, which is 
because KXRCF identifies cells mainly near strong 
shocks (Ref. [13] shows similar results). This may 
justify the use of WENO instead of linear schemes in 
smooth region to deal with cells which are not identi-
fied but still have large gradients, especially for the 
KXRCF indicator. 
Fig. 4  Indicator distribution for shock-entropy wave inter-
action problem (Hybrid_MR(0.5). 
Table 2  Comparison on percentages of cells by MUSCL 
and CPU cost for interaction problem of shock- 
entropy wave 
Method Percentage/% Time step/s 
MUSCL_CHA 100 0.109 0 
WENO5MC 0 0.196 1 
Hybrid_GRAD(0.4) 14.7 0.118 0 
Hybrid_MR(0.5) 20 0.119 5 
Hybrid_KXRCF 3 0.126 4 
3.3. Two-dimensional vortex convection
The ability to conserve the vortex is important in 
many unsteady cases in which a shed vortex interacts 
with bodies well downstream of the vortex origin. The 
following test case is used to examine the relative level 
of numerical dissipation. An isentropic vortex of 
non-dimensional strength * =5 is centered on a uni-
form grid of size 10 units by 10 units, and the grid 
dimension is 60×60. The vortex would convect down-
stream. The initial conditions are given by adding per-
turbations on a uniform field as 
2
2
(1 ) / 2
2
1
2
( , ) e ( , )
2
( 1) e
8
r
r
īu v y x
īT J J


­ G G  ° S°® °G  ° S¯
     (25) 
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where J is the ratio of the specific heats, v is the veloc-
ity of y-direction.
/ , / 1T p p JU U            (26) 
2 2 2
0 0, ( , ) ( , )r x y x y x x y y     (27)
where x0 and y0 define the location of the vortex cen-
ter. The grid is given periodic boundary conditions in 
the flow direction. The vortex is allowed to convect 
through the grid 100 times, which is a rather rigorous 
test case, as most studies only allow the vortex to 
complete five passes through the grid. 
This is a case where high-order schemes would 
show significant superiority over low-order ones. 
Fig. 5 gives the minimum pressure (pmin) history for 
convecting vortex using different schemes. In Fig. 5, 
the characteristic MUSCL scheme is excessively dis-
sipative, and the vortex dissipates very quickly. For all 
the hybrid schemes, WENO is turned on everywhere, 
therefore they all obtain the same results with the pure 
WENO scheme. WENO5MP represents a fifth-order 
mapped WENO scheme with primitive variables. This 
test case demonstrates that the hybrid scheme pos-
sesses the ability to retain the low dissipation property 
of high-order scheme for purely smooth flows. Table 3 
gives the comparison of cell percentages by MUSCL at 
the last time step of the simulation and the CPU cost 
for this two-dimensional case. Note that cell percent-
ages by MUSCL for all the hybrid schemes are zero. 
Also, due to the computation of indicators, hybrid 
schemes are more expensive than pure WENO. 
Fig. 5  Minimum pressure history for convecting vertex. 
Table 3  Comparison on percentages of cells by MUSCL 
and CPU cost for vortex convection problem 
Method Percentage/% Time step/s 
MUSCL_CHA 100 0.169 4 
WENO5MP 0 0.151 3 
Hybrid_GRAD(0.4) 0 0.194 5 
Hybrid_MR(0.5) 0 0.199 1 
Hybrid_KXRCF 0 0.210 8 
3.4. Hypersonic flow over a double-cone model
Finally, a 25q-50q double-cone is simulated here. 
Freestream conditions are given as: Mach number is 
Maf=8.0, temperature is Tf=54.35 K, pressure is pf=
706.8 Pa, Reynolds number is Ref=4.8u105, and wall 
temperature is Tw=630 K. Each cone has 85 grid points 
in both the streamwise and the normal direction. The 
distance of the first layer off the wall is 6.0u105D,
with D being the diameter of the model tail. The 
schematic diagram of double-cone hypersonic flow is 
shown in Fig. 6 [20]. For the purpose of assessing nu-
merical schemes, the computations here are laminar. 
Fig. 6  Schematic diagram of double-cone hypersonic 
          flow [20].
Fig. 7 gives computed Mach contours in symmetry 
plane, from which we can see that the minmod lim-
iter (MUSCL_MINMOD) is rather diffusive, result-
ing in a very small separation zone, and the complex 
flow structures are rather blurry. On the contrary, the 
complex flow structures are predicted remarkably 
well by all the hybrid schemes, demonstrating high 
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Fig. 7  Computed Mach contours in symmetry plane. 
accuracy and fidelity. Fig. 8 gives the distribution of 
the three discontinuity indicators. From the figure, we 
can see that the regions applying MUSCL coincide 
well with the large gradient area in the flow, showing 
effectiveness of the indicator in this complicated case. 
Also, Hybrid_KXRCF identifies the least cells of all, 
which  has been observed both in the shock-entropy 
interaction case and in Ref. [13]. Therefore, this may 
justify  the use of WENO scheme on non-identified 
cells instead of high-order linear scheme, because 
there may still be non-identified cells containing large 
gradients, especially for the KXRCF indicator. 
The separation zone is one of the most important 
features for the double-cone case. Generally, as the 
grid becomes denser (The numerical scheme remains 
the same), the separation point will move forward, and 
the reattachment point will move afterward [20]. Simi-
larly, on the same grid, with the dissipation of the nu-
merical scheme decreasing, the separation point will 
also move forward, and the reattachment point will 
also move afterward. Fig. 9 gives the surface pressure 
results. In Fig. 9, WENO3 means third-order WENO 
scheme, s the distance from the leading point along the 
wall surface, and L the generatrix length of the first 
cone. From Fig. 9, we see that the solution changes 
significantly with different methods and the Hy-
brid_KXRCF method obtains results with the least 
numerical dissipation. Also, we present the positions 
of the separation points and the reattachment points as 
well as the length of the separation zone in Table 4. 
Fig. 8  Indicator distribution for double-cone problem. 
Fig. 9  Computed surface pressure for double-cone prob-
lem. 
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Finally, in Table 5 we give the comparison of cell 
percentages by MUSCL and the CPU cost for this 
case. In this three-dimensional case, the most expen-
sive Hybrid_KXRCF is more expensive than the 
characteristic MUSCL scheme by about 18%, which 
should make the hybrid scheme an efficient method 
considering its high fidelity and flexibility. 
Table 4  Seperation and reattachment points as well as 
length of separation zone (in terms of s/L) for 
25q-50q double-cone 
Method Separation point
Reattach-
ment point 
Separation 
length 
MUSCL_MINMOD 0.649 4 1.242 3 0.593 
WENO3 0.608 7 1.276 9 0.668 
MUSCL_CHA 0.553 5 1.291 6 0.738 
Hybrid_GRAD(0.4) 0.544 2 1.337 4 0.793 
Hybrid_MR(0.5) 0.527 1 1.337 0 0.810 
Hybrid_KXRCF 0.498 0 1.387 9 0.889 
Table 5  Comparison on percentages of cells by MUSCL 
and CPU cost for double-cone problem 
Method Percentage/% Time step/s 
MUSCL_CHA 100 3.94 
Hybrid_GRAD(0.4) 35.1 4.21 
Hybrid_MR(0.5) 32.8 4.37 
Hybrid_KXRCF 9.5 4.67 
4. Conclusions 
(1) According to the above analysis and numerical 
experiments, both MUSCL and WENO perform well 
only in part of the test cases. For example, in the 
shock-entropy wave interaction and the vortex convec-
tion problems, the fluctuation and vortex are seriously 
smeared by MUSCL, while in the blast wave problem, 
WENO shows excessive dissipation for the contact 
discontinuities. Therefore, it is helpful to hybridize the 
two schemes with discontinuity indicators.  
(2) Three indicators, GRAD(0.4), MR(0.5) and 
KXRCF, are chosen here in our hybrid scheme. Ac-
cording to the numerical results, the cells identified by 
GRAD(0.4) and MR(0.5) are much more than those by 
KXRCF, which tends to show less diffusion in test 
cases. Another favoring feature of KXRCF is that it 
does not contain any user specified parameter. How-
ever, the cells identified as smooth ones by KXRCF 
may still have large flow gradients, which justifies our 
incorporation of WENO scheme instead of high-order 
linear scheme in the hybrid algorithm. In fact, Hy-
brid_KXRCF has seen success in all the above test 
cases.
(3) As WENO is mainly applied in smooth regions 
in our hybrid scheme, primitive variables can be used 
instead of characteristic ones, making our hybrid scheme 
more efficient. 
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